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Iterated Integrals % X243 (p966)

In Chapter 13, you saw that it is meaningful to differentiate functions of several
variables with respect to one variable while holding the other variables constant.
You can integrate functions of several variables by a similar procedure.
For example, for the multi-variable function z = f(x, y), if the partial derivative
is

Ix = 2xy
By considering y constant, you can integrate with respect to xto obtain

0z
z=f(x,y) = f adx Intergrate with respect to x

= f 2xy dx Hold y constant

= yf 2x dx Factor out constant y

=y(x*) +Cy)
The “constant” of integration, C(y), is a function of y. In other words, by

Antiderivative

integrating with respect to x, you are able to recover f(x,y) only partially.

For now, you will focus on extending definite integrals to functions of several
variables. For instance, by considering y constant, you can apply the Fundamental
Theorem of Calculus to evaluate

2y - 2y

f Dxyldii= ] = )y — 1Py = 4° — y.
1 " 1 l[ T

Replace x by The result is

the limits of a function
integration. of y.

v is the variable
of integration
and y is fixed.

Similarly, you can integrate with respect to yby holding x fixed.

Examplel: The Integral of an Integral(—>XFR43). Evaluate

2 X
f U. (2x%y~2% + 2y)dy|dx
S

Solution:

X
f (2x%2y~2 + 2y)dy Integrate with respect to y
1

X
+y2] =3x2-2x—1
1

3 [—sz
y

2
f [3x2 — 2x — 1]dx Integrate with respect to x
1

=[x3—-x?2-x]?=2-(-1)=3
Iterated integrals - as shown in the example 1 - are usually written simply as

b g(x) d rhy(¥)
f f f(x,y)dy dx and f f f(x,y) dx dy
a c

g1(x) h1(¥)

The inside limits of integration can be variable with respect to the outer variable
of integration. However, the outside limits of integration must be constant with
respect to both variables of integration.

Double Integrals —E R4 (p974)

Consider a continuous function f(x,y) = 0 such that et |
forall (x,y) inaregion R inthe xy-plane. The goal is | :
to find the volume of the solid region lying between the

surface given by z = f(x,y) and the xy-plane, as

shown in right figure.

1. You can begin by superimposing a rectangular grid \ ‘R‘ ‘

over the region. T

2. The rectangles lying entirely within R form an inner
partition A whose norm ||A|| is defined as the
length of the longest diagonal of the rectangles.

3. choose a point (x;,y;) in each rectangle and form the

rectangular prism whose heightis f(x;,y;) and the

base has an area of AA;. So that the volume of the ith
prismis f(x;,y;)AA;

4. you can approximate the volume of the solid region by the Riemann sum of
the volumes of all nprisms,
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If f is defined on a closed, bounded region R in the xy-plane, then the

Double Integral
double integral of f over R is

llAll—0

f(x,y) dA = lim f (i, yi)A4;
J 2

provided the limit exists. If the limit exists, then f isintegrable over R.

Example2: Evaluation of Double Integrals. Evaluate the volume of the solid region
bounded by the plane z = f(x,y) = 2 — x — 2y and the three coordinate
planes.

(0,0, 2)

=2 —x— 2y

Triangular 2

Cross section

Solution 1: check the cross-section area A as a function of
x: Each vertical cross section taken parallel to the yz-
plane is a triangular region whose base has a length of
y = (2 —x)/2 and whose heightis z = 2 — x. This
implies that for a fixed value of xthe area of the

triangular cross section is

-2

The volume of the solid is

N CPe-0?, [ -0 2
V—LA(x)dx—fO—dx_ —TL_

(2 —x)?
4

4 3

Solution 2: Double integral

(2- x)/z
f f(x,y)dA =

x from O to 2

—x —2y)dydx

y from 0 to (2

Example3: Find the volume of the solid region
bounded by the paraboloid z = 4 — x? — 2y?
and the xy-plane.
Solution 1: check the cross-section area A as a
function of z
z=4-—x%—-2y?
<2 2
—Zta-o2"
= A(z) = (4 —2)n/V2

(" _(*@-2)n
V—foA(z)dZ—fO 7 dz ) 2

4
(G2

Solution 2: V = fff(x y)dA = ff

J@-x%)/2

J@-x2)/2

- x)/2

2 | Surface:

flx, Y)=4—x% - 2y2

(4 —x? = 2y®)dydx
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Work and Energy ThF1gE :
Work I :

F is a constant: Fy,

W =F-5=Fscosf
F is varying:

Ax—0

n x2 ro
W = lim ZFiAxi = f dex L
i=1 x1

(straight line displacement)

Graph of force
as a function
of position,_

Example 4: A rectangular tank
with a base 4 feet by 5 feet and a
height of 4 feet is full of water.
The water’s density is p=62.4
pounds per cubic foot. How
much work is done in pumping
water out over the top edge in
order to empty half of the tank?

Slice a disk of the cone at the position y with height dy. The radius r of the

disk is:

r (8/2 2
_@/2

y- 6 73
The volume of the disk dV is:
2
dV = nridy = n(gy)zdy
The weight of the disk is:
4
dF = dmg = pgdV = pg(smy*dy)

Distance to lift the disk of water out of the tank is:
6—y
Work to be done on it is:

6 6 4
W=f0 (6—y)dF=f0 (6—y)pg§n(y2dy)

6

4 3 1 4
W=—ﬂpg(2y ——y) = 48mpg (J)
9 47 /),

Water's mass: m=pl V=sx, s = 4-5 (square feet) Coulomb’s Law BEfp 7f

2 2 2 2 x2 2 K| |
Work: W:f Fdx =f mgdx :f pVdx :f psxdx = (ps—) F =91

0 0 0 0 2 2

0
. k =8.99 x 10° N - m?/C?
= 624457 =2496 (feet - pound) The Electric Field 8 1%
. F NS
= — F 92
Example 5: An open tank has the E 9o (N/C) ;

shape of a right circular cone. The F: Net force on gj. F=Fy+ Fy+ Iy -

tank is 8 meter across the top and 6 The right figure shows an electric field of Fao

meter high. Suppose the density of q1,92,93 on qg. i a

water is p. How much work is done The magnitude of the electric field is also called . Fo

in emptying the tank by pumping the electric field strength. L

the water over the top edge? The electric field at point P due to g; chargeis ®
thus @ o

T

- kq; = =
Eipp = _zlriP Ep = Z Eip

L
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Example 6: Charge Y Example 7: A
Q* is uniformly nonconducting disk of
distributed around a radius Rhas a uniform
conducting ring of positive surface p dEx
radius a. Find the charge density o. Find ® > X
electric field at a the electric field ata
point Pon the ring point along the axis of
axis at a distance x the disk a distance x
from its center. from its center. Assume that xis positive.
Solution: Solution:
A is the linear charge density: We can represent the charge distribution as a collection of concentric rings of
A=Q/2na Charge dQ .In Example 1 we obtained E,t for the field on the axis of a single
Divide the ring into infinitesimal segments ds, the charge in a segment of length uniformly charged ring, so all we need do here is integrate the contributions of
ds is dQ our rings.
dQ = Ads A typical ring has inner radius 7, and outer radius r + dr. The area:
As the ring is symmetry, the net field £ at Pis along the x-axis: dA = 2mrdr.
E=E.1 The charge d(Q on this ring is:
The distance from the segment ds to the point is dQ = ogdA = 2nordr
r?2 =x? + a? We canuse dQ in place of Q in the equation of example 1. Also use rin the
- kdQ kAds place of a.
db = T2 T x2+a? kxdQ kx(2mordr)
kAds \ /x kAx dEy = (Z+ 1232~ (x2 + r2)3/2
dE, =dE cosa = <ﬁ) (—) =537 45 ) _ _
x?+a?/ \r (x2 + a2)3/ Integrate the equation from r =0 to r =R
2na R
kAx kAx nkxo(2rdr)
Ex=JdEx=mj ds=m(2na) Ex=JdEx= m
0 0
Fopie 2mwaklx - kQx - letu = x% +r?,du = 2rdr,whenr = R,u = x> + R?
7T (x2 + a2)3/2 (xZ + a2)3/2 . . L\ xeR?
Discussion: wkxo(2rdr) mkxo u 2
N Ex=f—§= f 3 du=7rkxa—1
whenx =0 - E:I(c) 5 (x%2+712)2 2ouz -7/
whenx >»a - E = —Qf (similar to a point charge)
X 1\ X2+R? )
uz 1\* 1 1
E, = mkxo ~1/2 = 2nkxc <\/_a>x2+R2 = 2nkxo (; - —m)
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of the indicated solid .
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2 ry
V= f j (4 — y®)dxdy
0 Jo

2
=f (4y —3y3)dy
0

4_2
=[2yz—yT =4
0

Exercise2. The fuel tank on a truck has
trapezoidal cross sections with the dimensions
(in feet) shown in the figure. Assume that the
engine is approximately 3 feet above the top of
the fuel tank and that diesel fuel weighs
approximately 53.1 pounds per cubic foot. Find
the work done by the fuel pump in raising a full
tank of fuel to the level of the engine.

Volume of each layer: yTH BRAy =y + A

3)Ay
Weight of each layer: 53.1(y + 3)Ay
Distance: 6 —y

3
W = f 53.1(y + 3)(6 — y)dy
0

(2,3)

3
= 53.1f (18 + 3y
0

—yHdy

3y2 33 117
= 53.1[18y + -~ 2| =531 (T) — 3106.35 (ft — Ib)
0
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Exercise 1. Use a double integral to find the volume
of the indicated solid .

ATER

Exercise2. The fuel tank on a truck has
trapezoidal cross sections with the dimensions
(in feet) shown in the figure. Assume that the
engine is approximately 3 feet above the top of
the fuel tank and that diesel fuel weighs
approximately 53.1 pounds per cubic foot. Find
the work done by the fuel pump in raising a full
tank of fuel to the level of the engine.




